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Abstract 

In this paper we obtain optimal estimates for the "currents" associated to point 
masses in the plane, in terms of the Coulombian renormalized energy of Sandier- 
Serfaty [HI [12]. To derive the estimates, we use a technique that we introduced in 
|13j , which couples the "ball construction method" to estimates in the Lorentz space 

1 Introduction 

In [9], Sandier and the first author introduced a Coulombian "renormalized energy" asso- 
ciated to a discrete set of points in the plane via a vector field j. The simplest setting is 
that of a vector field j : — )■ satisfying 

(1.1) curlj = 2'Ku — 1, div j = 
in the sense of distributions, where u has the form 

u = 6p for some discrete set A C M^. 

peA 

Then for any non-negative and compactly supported function x we define 

(1.2) W{j,x) = \im[l [ Xljf + 7rlogr/ Vx(p) I . 
The limit in the definition exists, as noted in [9]. 
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The "renormalized energy" Wu relative to a family of sets U = {f/i?}i?>o in (for 
example, balls of radius R) is then defined from this by 

(1.3) Tya(j) = limsup^^%^, 

R^oo \^R\ 

where XVr denotes non-negative cutoff functions satisfying, for some constant C indepen- 
dent of R, 

(1.4) IIVxuhIIloc < C, supp(xufl) cUr, xiJRix) = I ii d{x,\jR) >1. 

This function Wu (we will most generally omit the U subscript) was introduced in 
[9], where it was derived as a limiting interaction energy for vortices of Ginzburg-Landau 
configurations (in superconductivity). In this context, it can be viewed as a version of the 
renormalized energy of Bethuel-Brezis-Helein pQ, but for an infinite number of points and 
an infinite domain. Independently of Ginzburg-Landau, it can be seen as a Coulombian 
interaction energy for an infinite number of points in the plane, computed via a renormal- 
ization. Many of its properties are stated in [9], and we refer the reader to that paper 
for more details. It is conjectured in [9] that the minimum of W is achieved when the 
set of points A is a perfect hexagonal lattice in the plane with the suitable density; this 
corresponds to what is called the Abrikosov lattice in the context of superconductivity. In 
any case, W is expected to measure the order and homogeneity of a point configuration A. 

As mentioned in [9], this energy appears beyond the context of Ginzburg-Landau. In 
particular, in [Ill|12], Sandier and the first author explore the fact that W also arises nat- 
urally in the context of (the statistical mechanics of) log-gases and random matrices. This 
also led them to provide in [T2] a definition of a renormalized energy for the (logarithmic) 
interaction of points on the real line. That one-dimensional version of W is computed by 
embedding the real line in the plane, changing the constant "background charge" from 1 
to (5]R - where 6^ denotes the "Dirac mass" along the Xi-axis of the plane - and computing 
the 2D renormalized energy. More precisely, one should replace (11. ip by 

curl j = 27rz/ — 6^., div j = in 

where u = J2peA some discrete set A C M C and 5r is the measure characterized 

by the fact that for any test function 0, (pdd^ = 4>{xi, 0) dxi. Then W{j, x) and W{j) 
are defined through the same formulae (11. 2p and (II. 3p . In this ID case, the minimum of 
W is proven in [12] to be achieved by the perfect one dimensional "lattice," i.e. the set 

Here we will give a unified treatment of both cases by considering the more general 
setting of vector fields satisfying curlj = 2ttu — m and div j = 0, where m is a positive 
Radon measure that can only charge lines. 

The main motivation for the present paper is to obtain optimal estimates that are 
needed in [HI [12] for log-gases. Let us explain a bit further the context there. It consists 
in studying the behavior as n — )■ oo of the probability law 

(1.5) dP^(xi, ...,xn) = i^e-^"'"("^--"")dxi ■■■dxn 
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where is the associated partition function, i.e. a normahzing factor such that is a 
probabihty, and 

n 

(1.6) w„(a;i, . . . ,x„) = -^log|xj - \ +n^V(xi). 

The points Xi, . . . , a;„ belong either to the real line (ID log-gases) or to the plane (2D log- 
gases), and V is some potential with sufficient growth at infinity, typically V{x) = |a;p. In 
the context of statistical mechanics, the parameter /3 is the inverse of a temperature. The 
particular cases of /3 = 1,2,4 with V quadratic also correspond to random matrix models 
(for more details the reader can consult e.g. [2]). 

One can observe that w„ and W have a similar logarithmic fiavor. In [IT1[T5], the main 
point is to explicitly connect them in the limit n — )■ oo and to exploit this connection to 
deduce estimates on the probability of some events happening. Heuristically, the idea is 
that W quantifies the order or heterogeneity of a configuration of points in the line or the 
plane, and that configurations of points with large W have a probability of arising that 
decays exponentially as n — )■ cxd. 

To obtain optimal rates on this decay, it turns out that we need to know how W controls 
j in an optimal manner. In practice, it suffices to work with the local version W{j,x), 
defined by (11. 2p . where x is a cutoff function. We wish to obtain a control of j by the 
number of points in A, say n, via W{j, x)- The optimal estimate that we will obtain here, 
roughly HjUlp < Cn^^^ for 1 < p < 2, will be used crucially in [HI IT^ . 

A weaker control than needed was already established in Lemma 4.6: 

Lemma 1.1 (|9]). Let x be a smooth, non-negative function compactly supported in an 
open set U of the plane, and assume that (11. ip holds in U := {x \ d{x,U) < 1}, where 
V = 2tx X]pgA /^^ some finite subset A G U . Then for any p G [1,2), 

(1-7) / X^/'br < cm + C,)'-^/' {W{j, x) + n(logn + 1) \\xh^ + n \\Vxh^f' , 
Ju 

where n = v(U)/2'n = #A, C > is a universal constant, and Cp > a constant depending 
on p. 

Here the number of points in the region U is n, and typically the volume of U is 
proportional to n and the value of W{j, x) also grows like n. The estimate (11.71) then 
provides (roughly) the bound ||j||2,p(;7) < Cn^/P(logn)^/^. This is not optimal; our goal 
here is to remove the (logn)^/^ term to obtain the optimal estimate in n^^^. This will be 
achieved by employing a modification of the method we introduced in [13], which uses the 
Lorentz space L'^'°° in conjunction with the "ball construction method" a la Jerrard [1] and 
Sandier [7|. 

A definition of the norm in the Lorentz space L^'°° is 
(1.8) = sup \E\-^ [ \f{x)\dx. 

LE|<oo Je 
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We will come back to this in Section 12.11 For more information on Lorentz spaces, we refer 
to the book [3]. 

The reason to use the Lorentz space L^'°° is as follows. When j solves (11. ip . it is equal 
to V^H for some H that has a logarithmic behavior near each p E A (recall the space 
dimension is 2). Thus |j| behaves like j^j^^ near each p E A. This barely fails to be in 
(hence the need for the renormalization in the definition (II. 2p , achieved by cutting out small 
holes around each p); however, it is in the Lorentz space D L^, which has the same 
scaling homogeneity as L^. We can thus hope for an estimate like ||j||2,2,oo < Cn^^^, which 
will yield as corollaries the desired estimates without the (logn)^/^ error in all spaces into 
which L^'°° embeds, such as for 1 < p < 2 (the norms are over sets of finite measure). 

Let us now give the complete result we obtain. As already mentioned, we consider open 
sets U gM."^ and vector fields j : f/ — )■ satisfying 

(1.9) curl j = 27rz/ — m, div j = in U, 

where u = J2peA some finite subset A C U, and m is a positive Radon measure 

satisfying the following property: there exists M > such that 

(1.10) VO<r<l,VxGf/ m{B{x,r)) <7r Mr. 

Then Theorem 6.9 of [6], for example, implies that m(y4) < ttMH^IA) for every set A, 
where is the 1— dimensional Hausdorff measure. This means that, while m can concen- 
trate, it can only do so on sets of Hausdorff dimension greater than or equal to one. 

For any such j and any function x ^ 0, we define W{j, x) according to the formula 
(II. 2p . where the limit still exists. Our main result is 

Theorem 1. Let x be a smooth, non-negative function compactly supported in an open 
set U C M?, and assume that curlj = 27rz/ — m, div j = in U := {x | d{x,U) < 1}, 
where v = XlpgA /^^ some finite subset A of U , and m is a positive Radon measure 

satisfying (ll.lOp . Then there exists an explicitly constructed vector field G in U satisfying 
the following. 

1. 11^11^2 p < Cn, where C is universal, 

L •°°(U) 

2. for any /3 > 0, there exists > depending only on /3 and M, such that 
(1.11) ^- l^x\j - G\' < {1 + P)W{j, x) + Cpn{\\x\\^^ + II VxlLoo) + Cpu'logn' 

where n = v{U) = #A, and n' = #{p G A | B{p, |) n {0 < x < ^ HxH^oo} 7^ 0}- 

The purpose of coupling the L^'°° estimate of G to the estimate of j — G is to allow G 
to be eliminated from the estimate via the triangle inequality, resulting in an estimate 
for j alone. This then yields an estimate in since on sets of finite measure. 

Taking /3 = 1, for example, we can obtain the following. 
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Corollary 1.2. Under the same assumptions, for every 1 < p < 2 we have 
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IIv^jII 



< IIv^jII 



<C{W{j,x)+n{\\xh^ + llVxIL^) +n'logn')^ , 



Cp\u\-^ 



LP{U) 



where n and n' are as in the theorem, C > is a universal constant, and Cp > is a 
constant depending on p. 

When X is a cutoff function associated to the domain U, the term n' log n' is a boundary 
contribution that we typically expect to be negligible relative to n. For example, if for balls 
of radius R, n scales like n ~ ttR^, then n' can be regarded as the number of elements of 
A in the annulus B{0, R)\B{0, R-1). Then 



as -R ^ oo. Moreover, \U\ ~ nR^ ~ n and as we mentioned, we expect W to be typically 
of order n. The result of this corollary in such a situation is then that 



The LP estimate should be compared to Lemma fTTTl we improve from n^/^(logn)^/^ to the 
optimal power n^/^. 

The paper is organized as follows. In Section |2] we recall the various definitions that 
we need for L^'°° and we see how to estimate L^'°° norms for vector fields defined on non- 
overlapping annuli. In Section 12] we return to the ball construction for fll.ip . borrowed from 
Section 4 of [9]. We improve the estimates it yields by utilizing methods we introduced 
in [13]. More specifically, we construct a vector field G that mimics the optimal behavior 
around each p E A, and then we plug in the explicit Lorentz estimates of the previous 
section. 

Remark 1.3. Throughout the paper, B{x,r) denotes the open ball of center x and radius 
r, while B{x,r) denotes the closed ball of center x and radius r. If B = B{x,r), then for 
any X > we write XB for B{x, Xr). We employ the same notation for closed balls. 

2 Lorentz space estimates 

2.1 Definition and properties of the Lorentz space L^'°° 

In this subsection we start by recalling the definition of the Lorentz space and the 
properties we will need. Let f2 C M^. For a function / : f2 — )■ M*"', k > 1, we define the 
distribution function of / by 



n' ~ 2'n-R =^ n' log n n 



WVxjW 



<Cn'/' and 



LP{U) 



(2.1) 



Xf{t) = \{xen\ \f{x)\>t}\ 
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where \A\ denotes the Lebesgue measure of the set A. We then define the quasi- norm 



(2.2) lll/lll^.,^ = /supt2A;(t) 



and the Lorentz space L'^'°°{Q) = {/ | |||/|||j;^2,oo < oo}. As a quasi- norm, the quantity 
III -111^2,00 behaves as a norm except in the triangle inequahty, where it instead satisfies 
III/ + 5'IIIl2,oo < C(|||/|||j;^2,oo + |||5'|||2,2,oo) for some C > 1. The space L^'°°, as defined by the 
quasi-norm, is only a quasi-Banach space, i.e. a linear space in which every quasi-norm 
Cauchy sequence converges in the quasi-norm. However, it can be normed by introducing 
the norm 

(2.3) 11/11x2.00= sup \E\-'/' [ \f{x)\dx. 

\E\<oo Je 

We then have that (see, for example. Lemma 6.1 of ^13] ) 

(2.4) 111/111,2.. < 11/11,2,. < 2 111/111,2,.. 



For a more thorough discussion of L^'°°, and the other Lorentz spaces in general, we refer 
to the book [3]. 

It is perhaps more natural to work with the norm rather than the quasi-norm. However, 
the estimates we need are easier to derive with the quasi-norm, so we will mostly work 
with it. We now record a Lemma on some properties of the quasi-norm |||-|||j;^2,oo. The proof 
follows directly from the definition (12.21) . and is thus omitted. 

Lemma 2.1. The quasi-norm |||-|||j^2,. satisfies the following properties. 

1- If\fix)\ < \g{x)\ for a.e. x, then |||/|||,2,oo < |||5'IIIl2.oo . 

2. Suppose / = /i + /2 with supp(/i) nsupp(/2) = 0. Let Ti, T2 be translation operators 
so that supp(Ti/i) n supp(T2/2) = 0. Then 

(2.5) 111/111,2,. = |||Ti/i+T2/2|||,2,.. 

3. If f = fi + /2 with supp(/i) n supp(/2) = 0, then 

2 ^ III ^ |||2 , III p |||2 



(2.6) 111/111,2,. <|||/i|||i2,.+ 



'2|||,2,, 



4- Let f{x) = 1/ \x — c\ for some c G M^. Then |||/|||,2,. = 
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2.2 Minimal concentric rearrangement 

In this subsection, we define the notion of minimal concentric rearrangement number for 
a finite collection of annuli. This number, which we had not previously introduced in |13] . 
will serve as a tool for estimating the Lorentz space norms of vector fields defined on annuli 
obtained from the "ball construction." 

Consider a finite collection of annuli, A = {Ai}f^-^^, where 

(2.7) Ai = {x eR"^ In < \x - Ci\ < Si} for q G M^, < n < Si < oo. 

We say that such a collection A may be concentrically rearranged if the annuli of A can be 
translated in so that the translates share a common center and are pair-wise disjoint. 
This is obviously equivalent to the property that, up to relabeling the indices, the inner- 
radii and outer-radii satisfy 

(2.8) ri < si < r2 < S2 < • • ■ < tm-i < Sm^i < tm < Sm- 

Clearly, not every finite collection of annuli can be concentrically rearranged. However, 
every such A can be partitioned into disjoint subcollections {Ak}k=i such that A = Uj^^-^^Ak 
and each Ak can be concentrically rearranged. This property trivially holds, for instance, 
if Ai = {Ai} for i = 1, . . . , M = K. In general, though, this trivial partitioning into 
singletons is not optimal in terms of K. We pursue this optimal K G {1, . . . , M} via the 
following definition. 

Definition 2.2. Let A be a finite collection of annuli. The "minimal concentric rearrange- 
ment" number of A is defined as 

(2.9) mcr(^) = mm{K eN\ A = U^=iAk with Ai D Aj = for i ^ j so that 

Ak can be concentrically rearranged for k = 1, . . . , K}. 

Remark 2.3. // mcr(^) = K and A = Uj^^^Ak, then it must hold that Ak since 
otherwise empty sets may be removed from the partition of A, contradicting the definition 
of mcT{A). 

Remark 2.4. // Ai and A2 are two finite collections of annuli, then mcr(^i U A2) < 
mcr(^i) + mcr(^2)- 

We will be interested, in particular, in collections of annuli that come from ball-growth 
procedures, which were first introduced in IH [7]. To define the ball-growth procedure, we 
record the following result, which is Theorem 4.2 of [8], except that here we have "repa- 
rameterized" the ball-growth parameter. Recall that we use the notational conventions 
mentioned in Remark II. 3 [ 

Lemma 2.5. Let Bq be a finite, disjoint collection of closed balls so that the total radius 
of Bq is ro > 0, i.e. J^BeBo^^^^ ~ ^^^''^^ r{B) denotes the radius of the ball B. Let 
r > ro. Then there exists a family {B{t)}t(z[ro^r] of collections of disjoint, closed balls such 
that the following hold. 
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1. 



2. For rQ < t < s < r, 

(2.10) U U ^- 

BeB(i) Bel3{s) 

3. There exists a finite set S C (ro,r] such that if [t,s] C [ro,r]\S', then B{s) = jB(t). 
In particular, if B{s) G B{s) and B{t) G B{t) are such that B{t) C B{s), then 
B{s) = jB{t). The set S is referred to as the set of "merging times." 

4- For every t G [ro,r], the total radius of B{t) is t, i.e. 

(2.11) riB)=t. 

BeB(t) 

The proof of this lemma proceeds roughly as follows. The initial finite set of disjoint, 
closed balls has their radii grown, all at the same multiplicative rate, until two (or more) 
grown balls become tangent. At this time (an element of the set S), the tangent balls are 
"merged" into a larger ball in such a way that the sums of the radii are preserved. Then 
the growth procedure is started again. The resulting family {B{t)}t(^^ro,r] can be thought 
of as a "piece-wise continuous" growth process with "jump discontinuities" at the merging 
times S. However, as guaranteed by (12.111) . the sum of the radii of the balls is continuous. 

Remark 2.6. Let Bq be a finite, disjoint collection of closed balls of total radius tq > 0, 
and let {B(t)}te[ro,r] be the family generated by the ball-growth procedure of Lemma \27^ 
where tq < r < oo. The collection B{r) may then be used as the starting point of another 
ball-growth procedure to generate {B{t)}t£[r,ri]- We may then concatenate the two families 
to form {i3(t)}fg[.rQ,r-i] ■ This family satisfies all of the conclusions of Lemma l275[ with r 
replaced by ri, and we may view the new family as having been generated by a single 
growth procedure. In other words, if the final collection of a ball-growth coincides with the 
starting collection of another growth, we can join the two and view what results as a single 
growth process. 

Given a family {i3(t)}ig[j.Q_r] generated by the ball-growth procedure, we wish to define 
a corresponding finite collection of disjoint annuli of the form (12.71) - these are simply the 
annuli generated through the ball-growth. We do so now in the following definition. 

Definition 2.7. Suppose that a finite, disjoint collection of closed balls Bq is grown via a 
ball- growth procedure according to Lemma \KR into {i3(t)}tg[rg^.r]. Let S C (ro,r] be the finite 
set of merging times, and write N = #(5'). If N = we define to = '"o (^nd ti = tjy^i = r. 
If N > 1, then we enumerate S = {ti}fLi so that < ti < t2 < ■ ■ ■ < tN < r , and then 
we set to = ''"o one? tpf+i = r. We then define the finite collection of disjoint annuli A 
according to 



(2.12) 
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Note that z/tj+i > ti, then {{ti^i/ti)B)\B is an annulus of the form written in (12. 7p . We 
say that the collection A is generated by a ball-growth, starting from Bq. 

If the finite collection of annuli A is generated by a ball-growth, then it is possible to 
estimate mcr(^) in terms of the number of initial balls in the ball-growth. This estimate 
is the content of our next result. 

Proposition 2.8. Suppose that A is a finite collection of annuli generated by a ball-growth, 
starting from a disjoint collection of n > 1 closed balls. Then mcr(^) < n. 

Proof. It suffices to prove the result assuming that the final collection of balls generated 
by the ball-growth procedure is just a single ball. In the general case with m final balls, 
say {Bi}]^i, each Bi can be viewed as having been grown from rij > 1 disjoint balls, where 
YllLi = "^^ Writing A = U^-^Ai for Ai consisting of the annuli contained in Bi, we may 
use the single-final-ball estimate mcr(^j) < in conjunction with Remark 12.41 to estimate 

(m \ m m 

[J-4.t 1 < raci (Aj) < ^^^i = n. 
i=l J i=l i=l 

We will thus restrict to proving the result when the final collection is just a single ball. 
The proof proceeds by induction on the number of initial balls, n > 1. 

In the case n = 1 there is a single initial and final ball, so ^ = {^4} for A = {ro < 
|x — c| < r} for some c G and r > tq. This collection is a single annulus, and is thus 
trivially concentrically arranged. Hence mcr(^) = 1 = n. 

Suppose now that for all 1 < k < n, mcr(^) < k for any finite collection of annuli 
generated by a ball-growth, starting from k initial disjoint closed balls and ending in a 
single final ball. Let ^ be a finite collection of annuli generated by a ball-growth, starting 
from + 1 disjoint closed balls and ending in a single final ball. We will show that 
mcr(^) < n + 1, which then proves the desired result for arbitrary n by induction. 

Let {B(t)}t^[rQ,r] be the family of collections of balls generated in the process, with 
B{r) = B{c,r) for some c G and r > tq. Since n + 1 > 2, the ball-growth procedure 
that generated A must have involved at least one merging time. Let us call the largest 
merging time G (ro,r]. The ball-growth procedure dictates that at a collection of 
closed balls {Bi(T^)}^^^, J > 2, merged into a single ball B{c,s); ii = T then r = s, 
and if T^, < T then s < r. We will assume that < T. The case T = T^, is easier and may 
be handled with an obvious variant of the argument below. 

Since < T, one of the annuli in A is B{c,r)\B{c, s). All of the remaining annuli in 
A are subsets of exactly one of the balls in {i?j(T=i,)}^]^. This allows us to write ^ as a 
disjoint union: 

J 

(2.14) A={B{c,r)\B{c,s)}u\jA„ 

i=l 

where Ai = {A & A \ A G Bi{T^,)}. Let Ui denote the number of initial balls contained in 
Bi(T^). Clearly, Yli=i^i = n -\- 1. Also, 1 < < n since if one of the n^'s were equal to 
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n + 1, then J would have to be 1, in contradiction with the fact that there is a merging at 
T,,. Then each Ai can be regarded as having been generated by a ball-growth, starting from 
Ui disjoint closed balls and ending in a single final ball, Bi{T^). The induction hypothesis 
implies that mcr(^j) < Ui for i = 1, . . . , J, which we may combine with fl2.14p and Remark 
12.41 to see that 

J 

mcr(^) < mcr{{B{c,r)\B{c, s)} U Ai) + mcr (A) 

i=2 

(2.15) ^ 

< mcr({5(c, r)\B{c, s)} U A) + '^^ 

i=2 

= mcr({i?(c, r)\B{c, s)} U Ai) + {n + 1 - rii). 

We claim that 

(2.16) mcr({S(c, r)\B{c, s)} U Ai) < n^. 

Once this is established, fl2.15p and fl2.16p imply that mcr(^) < n + 1, which completes 
the proof. To prove the claim, we first note that by fl2.11l) of Lemma 12. 5[ the ball-growth 
procedure requires that if rj is the radius of _Bj(T*), then ^jCi'^j = which in particular 
means that ri < s. This and the fact that mcr(^i) < rii imply that Ai can be rearranged 
into at most rii disjoint collections of concentric annuli, each of which can be contained 
in a concentric ball of radius ri < s. We may then translate one of these collections of 
disjoint, concentric annuli to have center c so that the union of these translated annuli 
with B{c, r)\B{c, s) forms a single new collection of disjoint, concentric annuli. From this 
we easily deduce that fl2.16p holds, finishing the proof. 

□ 



2.3 Lorentz space estimates for vector fields on annuli 

Now we provide an estimate of the L^'°° quasi-norm of certain vector fields that are sup- 
ported on disjoint annuli. Our present estimate is somewhat easier than a similar estimate 
we proved in [L3\. The reason for this is that we are now interested in estimates in terms 
of the number of initial balls (related to the minimal concentric rearrangement number 
of the annuli through Proposition 12. 8p . but in [13] we were (roughly speaking) concerned 
with estimates in terms of the number of final balls. 

We now turn to our estimate of the L^'°° quasi-norm in terms of mcr(^). 

Proposition 2.9. Suppose that A = {Ajilfi is a finite, disjoint collection of annuli of the 
form (12. 7p . with centers Ci. Let 

(2.17) /(a^) = EXAj^)^^ 



\X 



10 



for vector fields Vi satisfying the bound \vi{x)\ < a < oo on Ai for i = 1, . . . , M. Then 
(2.18) 



L2,. 



< a a/ 7rmcr(^). 



Proof Write mcr(^) = K e {1, . . . , M} and let {A}f=i satisfy A = Uf^^A with A^ n 
Aj = ioT i ^ j and so that each Ak 7^ can be concentrically rearranged. We are free 
to enumerate Ak = {Akj}^^i so that 



(2.19) 



rk,i < Sk,i < rk,2 < Sk,2 < ■ ■ ■ < rk,Nt: < Sk,Nk, 



where Vkj and Skj denote the inner and outer radii (respectively) of Akj for k = 1, . . . , K 
and j = 1, . . . ,iVfe. 

By performing the concentric rearrangements and employing the second and third prop- 
erties of Lemma 12.11 we see that 



(2.20) 

where 
(2.21) 



I/IIIl2,. 



K Nk 


2 K 




2 










k=l j=l 


£^2,00 k=l 







9kj{Xj - X{rk,j<\x-Ck\<Sk^,}[^) I _ 



X - Ck 



for points Ck € and vector fields with |ffcj(a;)| < a < 00 (translations of the Vk)- By 
construction, we have that for each k, 



(2.22) 



< 



a 



\x - Ck\ 



for all X G B{ck, Sk, 



Nk 



Then, according to the first and fourth properties of Lemma EH for each = 1, . . . , we 
have that 



(2.23) 

Hence, 

(2.24) 



-1|||2 



< a TT. 



L2,o 



l/ll 



L2.' 



< 



K 

E 

k=l 



Nk 



i=i 



K 



< C? X^ TT = C^-kK. 



L2,. 



fc=l 



□ 



As a direct corollary, we obtain the main result of this section. 
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Proposition 2.10. Suppose that A = {Ai}^^ is a finite, disjoint collection of annuli of 
the form fl2.7p . generated by a hall-growth, starting from a disjoint collection of n closed 
halls, as defined in Definition \2. 7[ Let Ci G denote the center of Ai . Let 



(2.25) f(x) = J2XA. 



M , . 

Vi[x) 
X]-, 



for vector fields Vi satisfying the hounds \vi{x)\ < a < oc on A^ for i = 1, . . . , M . Then 
(2.26) 11/11^.,^ < 2«v^. 



Proof. Propositions 12.81 and 12.91 imply that |||/|||^2,oo < a^/^ln. The estimate fl2.26p follows 
from this and the estimate fl2.4p . □ 



3 Improved ball construction estimates 

In this section, we return to the ball construction a la Jerrard and Sandier [31 17] that was 
introduced in the context of fll.ip in [H], Section 4. We incorporate a term in G as in 



Proposition 3.1. Assume that (11. 9p holds in the sense of distrihutions in some open set 
U , where m satisfies (ll.lOp . Further assume that j G Lf^^{U \ A). Write n = t^A and 

?7o = ^niin{|p - g| \ p, q E A,p ^ q} > 0. 

There exists a family of finite collections of disjoint closed halls {Br}re{o,i] (^iT'd a vector 
field G : UseBiB — ?■ such that the following hold. 

1. For each r e (0, 1], Br covers A and has total radius r, i.e. r = X^sgs ^(-S), where 
r{B) denotes the radius of the hall B. The set Ubi^BtB is increasing as a function of 
r. Moreover, if r < nrjo, then Br = {B{p, ■^)}peA- 

2. For any < rj < minjr^o, r/n}, Br may he viewed as having heen generated hy the hall- 
growth procedure of Lemma \2.5\. starting from the initial collection Bq = {B{p, ri)}p^\. 

3. For any < rj < min{riQ,r/n}, let A{ri,r) denote the finite, disjoint collection of 
annuli generated from {B{t)}t(z[nn,r] according to Definition \2. 7\ Then, when restricted 
to the set UseBrB, the vector field G is 

X — Ca)^ sr-^ -.{x—p)^ 



where ca G is the center of the annulus A and x-^ = {x2, —Xi) for x G 
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4- For every < t] < min{?7o, r/n} and every B E Br such that B dU , we have (writing 
UB = if (An B)) 

(3.1) If > Trn J log— -Mr) + I [ \j - G\\ 

^ J B\UpeAB{p,il) \ riT] / ^ JB\UpgA-B(p,r?) 

5. For any /3 > there exists > such that the following holds: if < r] < 
mm{riQ,r /n} , B G Br, and x a non-negative function with support in B nU, then 



(3.2) [ xljf -27r flog— -Mr) J] x(p) 

J B\UpeABip,v) \ nr] J y(.Bnk 

>T^ [ x\j-G\'-Cpru{B)\\Vx\\ 



Proof. The proof is an adaptation of Proposition 4.5 of [9j, improved as in [13]. We proceed 
through several steps. 
Step 1: Ball growth 

In order to define Br, we first fix a reference family of balls produced via a ball-growth. 
Set Tji = min{?7o/2, l/{n + 1)} and let Bq = {B{p,rii)}p^/^. According to the definition of 
riQ, we have that Bq is a finite, disjoint collection of closed balls of total radius nrji < 1. 
We apply Lemma [231 to Bq to produce the family of collections {B(t)}t<zinr]i,i], satisfying 
the conclusions of the lemma. 

Now we extend this reference family "backward" to radii smaller than nrji. For any 
< To < t < nrji we write B{t) = {B{p,t)}p^A. Then since the balls in these collections 
never become tangent, we may trivially view {i3(t)}tg[r„^„^j] as having been generated by 
a ball-growth, i.e. all of the conclusions of Lemma [2.51 apply to this family. 

According to Remark 12.61 we may then combine our reference family with the new 
one to produce {i3(t)}ig[j.o^i] for any < ro < 1. We now set Br = B{r) by choosing any 

< ro < r < 1. This proves the first item. The second item follows by taking ro = nrj. 

Step 2: Defining G 

Suppose that < ri < mm{rio,r /n} and let A{r],r) = {Ai}fi^ be the collection of 
disjoint annuli of the form (12. 7p generated from {B{t)}t£[nri,r] according to Definition 12.71 
Let Cj G denote the center of and define Vi{x) = (x—Ci)-^/ \x — Ci\. Note that |fj(a;)| = 

1 for X G Ai. Now we define the restriction of G{x) to the set (U^gB^-B) \ {Up<^AB{p,r])^ 
as the right side of (12.251) with this choice of fields fj. This definition of G is clearly 
independent of r] and r in the sense that for different choices of r] and r, the corresponding 
G vector fields agree on the set where they are both defined. We may then unambiguously 
define G : UbgBiB — )■ by sending 77 — )• and then r — )■ 1. This proves the third item. 

Step 3: Introducing G in the estimates 

Since curlj = 27rz/ — m, for any circle G = dB of radius r^ not intersecting A, we have, 
letting dB = if{AnB) and r denote the oriented unit tangent to G, 



(3.3) / j ■T = 27vu{B) - m{B) = 2'KdB - m{B). 

Jc 
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Suppose now that C C Ai E A{ri, r) for one of the annuh constructed in the previous step, 
with C and Ai centered at the same point a. Then by construction, G{x) = j^^^ for x E C, 
where r(x) the unit tangent at x G C. We then have, in view of fl3.3p . that 

\J-G\' = I / \G\'-- I j-r 

c Jc Jc ' B Jc 



[ + 2n—~ —{2ndB-m{B)) 
Jc r-B 

c tb 
,2 , rfs , 2m{B) 



(3.4) < / \j\'-27:^ + 

Jc ^B Tb 

where we have used the fact that 2dB — 1 > d-B since rf^ is a positive integer. We thus 
deduce with fll.lOp that 

(3.5) [ bf > / |j - + 27r^ - 27rM 

Jc Jc rs 

for every concentric circle C G Ai for some annulus Ai G A{ri,r). 
Step 4-' Energy estimates 

Define J^{x,r) = J^^^^^j where B{x,r) is the closed ball centered at x of radius r. 
If B = B{x,r), we may then unambiguously write J^{B) = J^{x,r). For finite, disjoint 
collections of closed balls, B, we can then define J^{B) := YIb&b-^^^)- 

Let 5* C (n?7, r] denote the finite set of merging times produced in the ball-growth 
procedure of Lemma 1^31 that generated the family {B{t)}te[nr),r]- Lemma 2.3 of [13], which 
is a variant of Proposition 4.1 of [Sj, then implies that for every B G Br so that B G U, we 
have that 

(3.6) T{B)-T{BonB)> J2 -K-{x,t)ds 

+ ^ J^(i3(s) n fi) - J^(i3(s) n B)-, 



B{x,t)(£B{s)nB 



ses 



where we understand that B{s) H B = {B' G B{s) \ B' G B} for s G [nr], r], and where we 
have written J^{B{s) HB)^ = lim^^s- J^i^i^) Hi?). Note that we may rewrite the left side 
of dSSl) as 



(3.7) T{B)-T{BonB)= [ \j\ 

for each B G Br so that B G U. 
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The estimate fl3.5p implies that if B' = B{x,t) G B{s) fl B, then (using again that ds' 
is a positive integer) 

(3.8) ^(x,t) > \j -G\' + 2nds' - • 
We may compute 

(3.9) r Yl I \J-Gfds=[ \j-G\\ 

On the other hand, it is easy to see that 
(3.10) 



Y,HB{s)nB)-F{B{s)nB)- = Y, 



B'ei3(s)nB ^ B'eB(t)nB''^ 

' ^ \J-Gf 



since by construction G = on B\ UAeA{ri,r) ^- Combining (I3.6p -( 1XTU|) and writing r^' 
for the radius of a ball B\ we then deduce that 



(3.11) 
Since 



/ bf > / r Yl 2vrc^B' (— - m) ds. 

J B\UpeAB(p,v) J B\UpeAB(p,r,) J nq B'eB{s)nB ^ 



< ^ = s and ^ (ifi/ = #(5 n A) = n^, 

B'GB(s)nB B'&B{s) B'eB{s)nB 

we may estimate 



(3.12) f Y 27rrfB/ ( — -m\ ds> I ^ 27rdB/ ( - - M ] ds 

= 27rnB y Q - c?s = 27rns |^log ^ - M(r - nr/)^ . 

We may then use 03.121) in 03.111) to deduce the estimate 03. ip . which proves the fourth 
item. 

Step 5: Proof of the fifth item 

Let B G Br and assume that < r] < minjr^o, r/n}. Set B^ = B \ Upi=\B{p,ri). Then 
by the "layer-cake" theorem (see Theorem 1.13 of [S]), for any continuous non-negative %, 



f + OO 

(3.13) / Xljf = / I / Ijf 1 dt. 

J Br^ Jo \JBr^n{x>t} 
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Now, if p e A n then for any s e (0, r] there exists a closed ball Bp^g G containing p. 
For t > we call 

s{p,t) = sup{s G (0,r],Bp,, C {x > t}} 

if this set is nonempty, and let s{p,t) = otherwise, i.e. if x{p) ^ t- Then for those p,t so 
that s{p,t) > 0, we let 5* = Bp^si^p^t)- Note that p is not necessarily the center of -B*, and 
also that s{p,t) bounds from above the radius of i?*, but is not necessarily equal to it. 

As noted above, s{p,t) = iff x{p) < t: while if s{p,t) e (0, r) then Bp(/:{x> t}, 
otherwise there would exist s' > s{p,t) such that Bp^g' C {x > t}, contradicting the 
definition of s{p, t). Thus, choosing y in Bp\{x > t}, we have 

(3.14) x{p) - 1 < x{p) - x{y) < HP: t) II VxlLoc . 

Also, for any t > the collection where p e A and the p's for which s{p,t) = 

have been excluded, is disjoint. Indeed if p, 6 e A and s(p, t) > s{b, t) then, since Bg^p^t) 
is disjoint, the balls Bpgf^p t) and -Bf,,s(p,t) are either equal or disjoint. If they are disjoint, 
we note that s{p,t) > s{b,t) implies that Bi^sip^t) C Bi,^si^p^t)^ and therefore Bl = i?6„g(6,f) 
and Bp = Bp^s(p,t) are disjoint. If they are equal, then Bb^s{p,t) C Et H B, and therefore 
s{b,t) > s(p, t), which implies s{b,t) = s{p,t) and then Bl = Bp. 

Now assume that B' e write n — #A, and let s be the common value of s(p, t) 

for p's in B' H A. Then the fourth item of the proposition yields for any rj < min(?7o, r/n) 
(but the inequality is trivially true if 77 > r/n), 

(3.15) / \j\'>u{B') (log— -Ms] +[ \j-G\'. 

J B'\UpeAB(p,r,) \ nr) J B'\UpeAB{p,v) 

We may rewrite the above as 

(3.16) / |jf>27r Yl flog^-M.(p,t)) +/ \j-G\'. 

J B'\Uj,^aB{p,v) pGB'nA \ '^V / + J B'\UpeAB{P,^) 

Summing over B' e {Bp}p , we deduce (since the p's for which s{p, t) — do not contribute 
to the sum) 

(3.17) / Ijf >2nJ2 flog ^ - Ms{p, t) 



On the other hand, by simple algebra, for any /3 > there exists > such that 



(3.18) / , .ur 



3r,f^{x>t}\{UpeBnAB\,) 



>T^J \j-G\'-cJ \G\ 

+ P J Br,n{x>t}\{UpeBnAB*,) J Br,n{x>t}\{LlpeBnABl) 
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Adding this to f l3.17p . we are led to 



(3.19) 



'Sr,n{x>t} pesnA 

J- -T P JB„niy>t} J B„niy>t}\ U„pHnABi) 



We now turn to estimating 



\G\'. 

Br,n{x>t}\{Upe:BnAB^j,) 



By the definition of G, we may rearrange the annuh on which G is supported to arrive 
the estimate 



(3.20) / |G|2< J2 [ 

J Br,r\fY>t}\(u„pBnABt) „^DoA J Bin 



dx 



'B^n{x>t}\(Up6snAB*) pGBnA J B[p,r]\B[p,s{p,t)] F P\ 

s{p,t)>0 



s(p,t)>0 s(j),t)>0 

Inserting fl3.14p . we obtain 

(3.21) / i^r < E f ';'T''"r V ■ 

s(p,t)>0 

We now integrate this over t, which yields 

(3.22) r [ \G\''dt< V r^'^ log^liX^rft 

= J2 2r||VxlL 

pG-BnA 



where for the last equality we have used the change of variables v 
Similarly, using f l3.14p and the fact that s{p,t) < r, we have 

(3.23) / 27r >J ( log^^ -Ms(p,t)^ dt 



x{p)-t 
2HIVxlLo 



pG-BnA 

> 



.23) f 271 J2 (log 

2vr J2 flog - + log (^rw^ ^ - ^0 

>27i J2 Uip) (log —-Mr]- 2r \\Vx\\l^) 

r,cRnA V V / J 



p&Br\A 
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Integrating f l3.19p with respect to t and combining with f l3.13p . f l3.22p . and f l3.23p (modi- 
fying Cp if necessary), we are led to 

[ x\j\'>27rJ2x{p)(^og—-Mr)-C^r\\Vxho.HB) + -^[ x\j-G\', 
J Br, pgsnA \ nri J ^ + PJb, 

which is fl3.2p . This proves the fifth item and completes the proof. □ 

We are now in a position to finish the 

Proof of Theorem [II We proceed through several steps. 
Step 1: Localizing the ball construction 

The first step is to use a covering to localize the ball construction estimates of Proposi- 
tion [SiTJ Our method follows that of Proposition 4.8 of [9J, which was based on the method 
used in (TU]. We cover by the balls of radius 1/4 whose centers are in |Z^. We call this 
cover {Ua}a with {xa}a the centers. For each a so that Ua'TiU ^ and for any r G (0, 1/4) 
we construct disjoint balls and vector fields : Ub^b^B — )• using Proposition 13.11 
(here we view the as the restrictions to Ubgb^B of the vector fields constructed in the 
proposition). 

Assume that p G (0, 1/4) (with value to be specified below). We claim that for each a 
we can extract a subcollection C so that Bp := UqS" is a disjoint cover of A. To 
prove the claim, we first note that if C is a connected component of Uq^B", then there exists 
ao such that C C Uao (for the proof, see [9] Proposition 4.8). Then, to obtain a disjoint 
cover of A from UaB^, we let C run over all the connected components of UaBp, and for a 
given C such that C C Uag, we remove from C the balls which do not belong to Bp°. We 
let Bp to denote the family with deleted balls, and let Bp = UaB^. Then Bp covers A and 
is disjoint. Also, each ball in B^ is contained in Ua- This proves the claim. 

Step 2: Introducing G 

Let us write rjo = ^ min{|p — q\ \ p,q E A,p ^ q} and = //([/„) < i^(f/) = n. We set 

7p := mm{r]o,p/n} < mm{r]o, p/ua}. 



According to Proposition 13. 1[ if < r/ < 7p, then we can view Bp as having been generated 
by a ball-growth, starting with {B{p,r])}p(,AnUc,, via the family {B°'{t)}tG[n^r,,p]- For any 
< < 7p we then write A°'{r),p) for the collection of disjoint annuli generated from 
{B°'{t)}t^[nc,ri,p] according to Definition 12. 7[ Note that the construction of G° guarantees 
that for X G (U^eBa-B), 

where ca G denotes the center of the annulus A. 



18 



Now we let A°'{r],p) denote the collection of annuli in ^°'(?7,p) that are contained in 
one of the balls in B^. Then A{ri,p) := UaA" is a finite, disjoint collection of annuli, each 
of which is contained in (iJBeBpB) \ Up^A B{p,r]). We now define G : [UBeBpB) — )■ by 



Gi^) = J2 E xa( 

" AeA°'{n,p) 



x] 



jx - Ca) 
\x - Ca 



2 + y^Xgfo.r))' 

pgA 



XI 



(x — p)- 



\x — p\ 



|2 ■ 



We then extend G by on U\ {UBeB^B) to view G lU ^R"^. Clearly, G{x) = G'^{x) for 

all X e U^^jgaB. 

It is clear that J2a < C^^n where < oo is the overlap number of the UaS, defined 
as the maximum number of sets to which any x belongs. We will use this fact to estimate 
||G||2,2,oo. We combine the first, third, and fourth items of Lemma \2.1\ the estimate (12.41) . 
and Proposition 12.101 to see that 



2l|G^llU< 



2 

L2,. 



< 



Ca 



Ca 



(3.24) 



a 



(■ - ca)- 



< 



E ^a(-) 



Ca 



Ca 



L2>' 
2 



peA 
pgA 



XB(p,»y)(0 



p)- 



L2,- 



L2,< 



TT 



L2.' 



peA 



< 47rna + nvr < 47rC*n + nvr = 7r(4C* + l)n. 

a 

Hence ||G||^2,oo < Cn, which proves the first item of the theorem. 
Step 3: Preliminaries for the main estimate 

We now turn to the proof of the main estimate, (11.111) . The last item of Proposition 
13. H applied to a ball B G B^, guarantees that if < ?7 < 7p and := B\ Up^\B{p,ri), 
then for any /3 > and any non-negative function x vanishing outside U we have 

(3-25) / X\J-G\'<[ xb' r -27r flog ^-pm) ^^^(p) 

+ C^pz/(S) llVxLoo(B). 



We restrict to the a's such that Ua intersects supp(x) and then sum over B E Bp] since G 
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vanishes outside UseBpB, we deduce that for U{rj) := U\ UpgA B{p,ri), 
/ x\j-G\'<C,pY,n.\\Vxh^ 

J- + P Ju(n) ^ 



U(v) 

J B\UpsAB{p,v) V pgBnA 

+ J2 n^{27rpM + 2ti log(2n„)) ||x 



BeB„ 



L° 

{OL I !7c,nsupp(x)7^0} 



Letting 77 — 0, in view of the definition of W{i, x) (ll.2p . we find 
(3.26) hmsup-^ /" x|j-G'p<2iy(j, x) + C^apn||Vx|| 

i + P Juiri) 



+ ^ n,(27r/)M + 27rlog(2n„)) llxl 

{a I (7c,nsupp(x)7^0} 



It follows that x\j ~ G L^iU) and, changing the constants if necessary, 



(3.27) 1 ^ xIj - < (1 + /3)iy(j, x) + II Vxll 



+ C ^ n„(l + logn^,) llxllioc . 

{a I C/cnsupp(x)^0} 

S'tej* Completing the main estimate 

This step again follows [9]. There exists a number k which bounds the number of /3's 
such that dist (t/g, Ua) < 1/2 for any given a. Therefore, the total radius of the balls in 
Bp that are at distance less than 1 from Ua is at most kp. We may then choose p small 
enough that kp < ^. Then, letting Tq, denote the set of t G (0, |) such that the circle of 
center Xa (where we recall Xa is the center of Ua) and radius t does not intersect we 
have |Tc,| > 3/4 - 1/16 = 11/16. Moreover, if f/^, fl t/ 7^ then d(x«, U) < 1/4, and hence 
B{xa, 3/4) C U. In particular, letting Ca = {x \ |x — Xq,| G Tq,}, we have Ca C U. Then 
there exist universal constants c > and C such that 

(3.28) f \j\^>cna^-CM^. 

To see this, we apply (13.31) on the circle St = {|a; — a^al = t}, i.e. with tb = t and 
ds = #(A n B{xa,t)). Using the fact that ds > ria and t G (0, |), as well as the Cauchy- 
Schwarz inequality and the relation {a — h)"^ > ^ — we deduce that 

2 ^ (27rdi; - 7rm(E)t)^ ^ 47r ^ _ Svr . 
- 27rt - 3 " 8 ■ 
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Integrating this with respect to t G Tq, yields f l3.28p . Note that G = in each by 
construction, so we may deduce from f l3.28p that |j — G\^ > cua^ — CM^. Finally, 
modifying C, we may change this relation into 



(3.29) 



[ \J-G\^>c{nj-Cn^) 



Indeed, if = the relation is trivially true, and if not then we have > 1. 

Let us write k' for the overlap number of the sets {Ca}a, defined as the maximum num- 
ber of sets to which any x belongs. It is bounded by the overlap number of {B{xa, 3/4)}^. 
Since 

(3.30) f ^\j-G\'>il-(3) [ x\j~G\' + (3^ Yl I ^1^' " ^1'' 

we deduce from ^7Il\ and ^7M) that 
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{" I x>|IIxIIl°o on 

<{l + P)WU,x) + Cpn\\Wx\\L^ + C Yl n„(l + logn,)||xLoo. 

If f/a C {x > ^ 11x11 loo} we have that 
(3c 

— (minx)(n^ - Cn„)+ - Cn„(l + logn„) \\x\\l-- > -C/s^a HxIL- , 

where C/3 depends only on f3 and M. For the other a's, Ua intersects supp(x) H {x < 
I since the diameter of the UaS are bounded by ^ (by construction), we may 

bound 

na(l + logUa) < 2?7,' logn', 

IIxIIl°° 

where n' = #{p G A | B{p, |) n {0 < x < ^ ||x||^oo} 7^ 0}. We are led to 

(3.31) ^ xIj - < (1 + /3)iy(j, x) + C^n \\Vx\\l^ + Cpn \\x\\l^ + Cn' logn', 

which yields the estimate (11. lip , after changing [3 into [3/2. □ 

With Theorem [T] in hand, we now conclude with the 

Proof of the Corollary Using the embedding relation ||/||j;^2, 00(^7) < ||/||l2(;7)5 we de- 
duce from the second item of Theorem [H applied with /3 = 1, that 

(3.32) - G)\y,^^u) <CiWij,x)+ni\\xh^ + \\Vxho^) + Cn' log n'^ . 
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We may then estimate yJyG by combining the first item of Lemma [^?T| estimate fl2.4p . and 
the first item of Theorem [T] to see that ||\/xG||x,2,oo([7) < CdlxH^^oo Then from this, 
f l3.32p . and the triangle inequahty for the L^'°° norm, we are led to (changing the constants 
if necessary) 

(3.33) ||v^j||l^,^(c/) < C + ^(IIxIIloo + llVxILoc) + Cn'logn')^ . 

Finally, to conclude the proof we use the embedding (see e.g. [3j) 

||/||L.(C/)<C,|f/|^^||/|U2...(^) 

for 1 < p < 2 and = (2/(2 - p)Y/P, applied to / = ^j. 

□ 
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